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Abstract

The use of a BDF method as a tool to correct predictions made using curve fitting
techniques is investigated. Random data having the same properties as the data
we are modelling is generated. The data is assumed to have memory. Data in the
period of the memory is curve fitted and then a prediction is made for the next time
step. A vector of predictions is generated. The vector of predictions is converted
into a discrete ordinary differential representing the gradient of the data. The BDF
method is used to solve this discrete ordinary differential equation. The use of the
BDF method improves the prediction of the direction by approximately 30%.
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1 Introduction

In this brief note we show how a BDF method can be used as a corrector for
predictions. The predictions aim to accurately reflect the direction of random
data and are made using curve fitting techniques. This research comes out of
a project undertaken to predict the direction of a subset of the South African
market. The approach taken in analysing the data assumes that there is an
aspect of ’memory’ in the data, i.e. information embedded in previous data
points is still contained within the data points to be predicted. While the
data we generate in this paper is random with zero mean we are still able to
show how an application of a BDF method improves the percentage of accu-
racy in predicting the direction the data takes. BDF methods are backward
differentiation formulae designed to solve initial value differential equations.
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They are constructed by satisfying the differential equation exactly at one
point and then interpolating the previous points. A Lagrangian interpolation
is typically used. The initial prediction of direction is made using linear/spline
curve fitting. The novelty of the approach taken here is that we iterate the
BDF formula to convergence.

Theoretical developments in mathematics of finance have centered around the
random walk hypothesis [8,11] and the fact the market cannot be predicted
when using this hypothesis. Various modifications to this hypothesis have
been proposed with the development of the theory of Martingales [5,15]. The
validity of the random walk hypothesis has been questioned in many studies.
Most prominent among these is the book by Lo and MacKinlay [10].

While the mathematical theory used to develop the mathematical aspects of
finance have not really focused on predicting returns there has been a strong
interest in developing tools which can give a sense of the direction the market is
going to take or when possible turning points will occur. The inclusion of ideas
from the social sciences in financial mathematics has heralded the potential
development of tools that can be used to aid the prediction of market trends.
Among these ideas are aspects of behavioral science [6,9] and the notions
of overreaction, underreaction and contrarian strategies [4,2,3,7,9]. Berman
[1] has attempted one of the first studies to analyse the Global Real Estate
Securities market using aspects of these contrarian ideas.

The paper is set out as follows: in Section 2 we develop and motivate the
algorithm. Convergence properties of the algorithm are discussed in Section
3. Results and concluding remarks are presented in Section 4. We include an
appendix with the algorithm in MATLAB at the end of the paper.

2 Algorithm description

The first part of this analysis is to generate random data that may be used to
simulate an actual financial time series. Here we use the MATLAB function
randn that generates pseudorandom data in the interval zero-one with zero
mean and standard deviation of one. We start out with an element that has
value zero. The direction in which we step is dependent on whether the number
outputted by randn is greater or less than a half. The magnitude of the step
is determined by the magnitude of the number outputted by randn. This is
a typical random walk. We continue stepping in this way a finite number of
times. The last data point is put into a vector we use to simulate our times
series of returns. We continue running the random walk until we have a vector
of returns. The vector of returns is normalised by subtracting the mean and
dividing by the variance. The return data generated in this way has zero mean
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with standard deviation smaller than one. In Figure 1 we plot three simulations
of return data obtained in this way. We have found that the data obtained in
this way simulates the actual time series very well.
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Fig. 1. Plot of simulated data.

We then choose an appropriate length of data to indicate what we term ’mem-
ory’ in the data. For the purposes of this paper we assume that using four
initial data points is sufficient to account for the memory. We then curve fit
through the initial four points in the vector representing actual data. We use
this fitted curve to predict the value of the fifth point. We then use data values
two to five to predict the sixth value. Continuing in this way we end up with
a vector of actual values and a vector of predicted values - four data points
shorter than the original. We then calculate the percentage of times the sign
of the predicted data matched the sign of the actual data. From Table 1 we
observe that curve fitting predicts direction correctly approximately 50% of
the time.

To improve the accuracy of predicting direction we make use of the fact that
the direction is just the gradient of the data. By creating a vector of gradients
we have the numerical representation of an ordinary differential equation.
We then use a BDF method to numerically solve the ordinary differential
equation. BDF methods are appropriate because it depends on previous values.
Some examples of BDF methods for solving the first-order ordinary differential
equation

y′ = f(x, y), (2.1)

are given by
yn+1 = yn + hfn+1, (2.2)

yn+1 =
4

3
yn −

1

3
yn−1 +

2

3
hfn+1, (2.3)

yn+1 =
18

11
yn −

9

11
yn−1 +

2

11
yn−2 +

6

11
hfn+1, (2.4)
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where we have used the convention yn = y(xn) and fn+1 = f(xn+1, yn+1).

Using a forward difference approximation to the derivative we find that

f(xn+1, yn+1) =
y∗

n+1 − yn

h
(2.5)

where y∗ is the value we are trying to improve. The BDF method (2.3) becomes

y∗(j+1)
n+1 =

2

3
y∗(j)

n+1 +
2

3
yn −

1

3
yn−1. (2.6)

Similarly, by approximating the derivative by a central difference approxima-
tion we obtain

y∗(j+1)
n+1 =

1

3
y∗(j)

n+1 +
4

3
yn −

2

3
yn−1. (2.7)

In the example code we implement the BDF method (2.6) which we iterate to

convergence. The initial value y∗(0)
n+1 = yn+1 is obtained from either a linear or

spline interpolation. The value of yn+1 can be obtained using a neural network
as discussed in other literature, [12–14].

3 Convergence properties

In order to investigate the convergence properties of the difference equations
(2.6) and (2.7) we consider the difference equation

Yj+1 = αYj + β, (3.8)

where Yj = y∗(j)
n+1 and β a constant. The difference equation (3.8) has the

general solution

Yj = αjY0 + β
j−1
∑

i=0

αi. (3.9)

We want to show that
|Yj+1 − Yj| → 0 (3.10)

as j increases. From (3.9) we find that

|Yj+1 − Yj| =
∣

∣

∣αj
∣

∣

∣ |Y0 (α − 1) + β| . (3.11)

For the iterative scheme (2.6) we have α = 2/3 and β = (2/3)yn − (1/3)yn−1

while for (2.7) we have α = 1/3 and β = (4/3)yn − (2/3)yn−1. In both cases
α < 1 and hence αj → 0 for large j. Therefore, it is relatively easy to show
that (3.10) is satisfied and our iterative schemes (2.6) and (2.7) converge. In

fact, the scheme (2.7) converges faster than (2.6) since the coefficient of y∗(j)
n+1

is smaller.
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When either (2.6) or (2.7) is iterated to convergence we have y∗(j+1)
n+1 = y∗(j)

n+1±
ǫ = y∗

n+1 ± ǫ where ǫ ≪ 1 is the tolerance. For both (2.6) and (2.7) we find
that at convergence

y∗

n+1 = 2yn − yn−1 ∓ ǫ. (3.12)

Direction success rate can be seen as a simple bimodal result. If we let yT
n+1

be the true value then

yT
n+1y

∗

n+1 =











positive =⇒ success,

negative =⇒ failure.
(3.13)

The results and concluding remarks are presented in the next section.

4 Results and Concluding remarks

On average, this simple approach ensures we get direction correct 80% of the
time. We note from the table that by using the BDF as a corrector we have
improved the direction from an average of 50% to an average of 80%.

Linear Spline

Fitted Corrected Fitted Corrected

51.0417 % 80.0000 % 56.2500 % 88.4211 %

52.0833 % 92.6316 % 50.0000 % 86.3158 %

52.0833 % 90.5263 % 52.0833 % 86.3158 %

45.8333 % 87.3684 % 47.9167 % 88.4211 %

55.2083 % 92.6316 % 41.6667 % 85.2632 %

46.8750 % 85.2632 % 53.1250 % 91.5789 %

48.9583 % 84.2105 % 48.9583 % 85.2632 %

42.7083 % 85.2632 % 59.3750 % 86.3158 %

35.4167 % 87.3684 % 44.7917 % 76.8421 %

48.9583 % 88.4211 % 52.0833 % 85.2632 %

Table 1
Table comparing percentage accuracy of predicting direction.

In this paper we have shown how a BDF method can improve the accuracy of
predicting the direction of random data. The motivation for using a numerical
ordinary differential equation solver comes from the fact that direction is just
a gradient. We form a discrete ordinary differential equation from our vector
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of predictions. This discrete ordinary differential equation is solved using a
BDF method. We find that the accuracy of our predictions improves from an
accuracy of approximately 50% to an accuracy of approximately 80%.

For the return times series data we are modelling we compared a range of peri-
ods over which we believed the data had memory. The period that minimized
the maximum absolute error between prediction and actual was then chosen.
The predictions were corrected using a BDF method. We did not use curve
fitting for our predictions, but instead developed our own approach based on
neural networks. By successfully being able to predict the direction of the as-
pect of the South African market we are interested in we are able to develop
models that are useful for the hedge fund industry.
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Appendix

The code below is used to generate our random data where n is the number
of points generated in the random walk and m is the number of points in our
vector of returns. The function randn produces pseudo-random number from
a normal distribution with mean µ = 0 and standard deviation σ = 1.

for j=1:m;

x=zeros(1,n);

x(1)=0;

for i=1:n-1;

z=randn;

if z<.5

x(i+1)=x(i)+z;

else

x(i+1)=x(i)-z;

end

end

y(j)=x(n);

end
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The end result of this part of the code is that we have data that looks like
the return data we are modelling. We normalize the data by subtracting the
mean and dividing by the variance.

y=(y-mean(y))./var(y);

In Figure 1 we plot 3 runs of the code above. In the next part of the code we
use a ’linear’ interpolation to create a vector of prediction. Linear in the code
below can be changed to ’spline’ for a comparison with a cubic spline. The
variable noofpts is determined by the memory one assumes in the data. We
choose noofpts=4 for the purpose of demonstrating the code.

noofpts=4;

p=m-noofpts;

for i=1:p;

newy(i)=ppval(interp1(x(i:i+noofpts-1),y(i:i+noofpts-1),...

‘linear’,‘pp’),x(i+noofpts));

end

We resize the original data to be the same length as the interpolated data.

oldy=y(noofpts+1:n);

We then calculate the number of times the ’linear’ or ’spline’ has correctly
predicted the direction of the data.

count=0;

for i=1:p;

if newy(i)*oldy(i)>0

count=count+1;

end

end

In the next part of the code the BDF method is used to improve on the
predictions. The BDF method is iterated to convergence.

for j=2:p;

newnewy(1,j-1)=newy(j);

oldnewy=10;

while abs(newnewy(1,j-1)-oldnewy)>10^ (-4);

oldnewy=newnewy(1,j-1);

newnewy(1,j-1)=(4/3)*oldy(j)-(1/3)*oldy(j-1)+(2/3)*(newnewy(1,j-1)-oldy(j));
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end

newyval(j-1)=newnewy(1,j-1);

end

We resize the vector of prediction to be the same size as the corrected predic-
tions.

oldy=oldy(2:p);

Once again we calculate the number of times the BDF has correctly predicted
the direction of the data.

ncount=0;

for i=1:p-1;

if newyval(i)*oldy(i)>0

ncount=ncount+1;

end

end

The information is then converted into percentages.

disp([count/p*100,ncount/(p-1)*100])
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